
 

 

PLEASE SCROLL DOWN FOR ARTICLE

This article was downloaded by:
On: 25 January 2011
Access details: Access Details: Free Access
Publisher Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House, 37-
41 Mortimer Street, London W1T 3JH, UK

Liquid Crystals
Publication details, including instructions for authors and subscription information:
http://www.informaworld.com/smpp/title~content=t713926090

Criteria for the first order Freedericksz transitions
Jianru Shi

Online publication date: 11 November 2010

To cite this Article Shi, Jianru(2002) 'Criteria for the first order Freedericksz transitions', Liquid Crystals, 29: 1, 121 — 125
To link to this Article: DOI: 10.1080/02678290110093796
URL: http://dx.doi.org/10.1080/02678290110093796

Full terms and conditions of use: http://www.informaworld.com/terms-and-conditions-of-access.pdf

This article may be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, loan or sub-licensing, systematic supply or
distribution in any form to anyone is expressly forbidden.

The publisher does not give any warranty express or implied or make any representation that the contents
will be complete or accurate or up to date. The accuracy of any instructions, formulae and drug doses
should be independently verified with primary sources. The publisher shall not be liable for any loss,
actions, claims, proceedings, demand or costs or damages whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this material.

http://www.informaworld.com/smpp/title~content=t713926090
http://dx.doi.org/10.1080/02678290110093796
http://www.informaworld.com/terms-and-conditions-of-access.pdf


Liquid Crystals, 2002, Vol. 29, No. 1, 121± 125

Criteria for the � rst order Fréedericksz transitions

JIANRU SHI*

Liquid Crystal Institute and Chemical Physics Interdisciplinary Program,
Kent State University, P.O. Box 5190, Kent, Ohio 44242, USA

(Received 5 June 2001; accepted 8 August 2001 )

This paper summarizes the exact criteria for the � rst order Fréedericksz transition to occur in
magnetically, electrically or optically driven liquid crystal cells. All these criteria are in terms of
the material parameters, cell geometrical parameters and surface anchoring parameters.

1. Introduction
The Fréedericksz transition has been known for over

70 years. Recently, the exact criteria for the � rst order
transition driven by a magnetic � eld [1] and an optical
� eld [2] were developed. This paper puts these results,
as well as the criteria for the electrical case, together
and gives some brief remarks.

2. Criteria for the � rst order Fréedericksz transition
Consider four types of liquid crystal cell: the electric-

ally driven planar cell (EP), the magnetically driven
planar cell (MP), the magnetically driven homeotropic
cell (MH) and the optically driven homeotropic cell
(OH)—see � gure 1. h is the angle between the easy
direction and the director, and h0 , hm are evaluated at
the surface and the middle layer. The applied magnetic
� eld, electrical voltage and incident light intensity are
denoted by H, V and I, respectively. Dx, De are the
magnetic and electrical anisotropy de� ned conventionally .
Subscripts d and ) refer to the directions along and
perpendicular to the local director, no , ne are the principle
values of the refractive index ellipse, k11 , k22 , k33 are the
elastic constants. S and d are the substrate area and cell
thickness. Both substrates are assumed to be physically
identical. The anchoring strengths at the surfaces are
described by the Rapini surface anchoring energy

gs 5
1
2

(A2 sin2 h0 1 A4 sin4 h0 ) (1 )

where A2 and A4 are anchoring coe� cients. The zÃ axis
is set to be along the normal to the substrate; therefore

Figure 1. Planar cell (a) and homeotropic cell (b).h 5 h(z). Symmetry about the middle layer exists and, thus
hm is the largest deformation angle and can be chosen
as the order parameter to describe the deformation. For

the sake of convenience, cgs units are used for the
magnetically induced and optically induced transitions
and SI units for the electrical case. Under the action of*Author for correspondence; e-mail: jshi@kent.edu
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122 J. Shi

the external � eld, the free energy of the system is: A c
2Inone

B1/2
(n2

e cos2 hm 1 n2
o sin2 hm )1/4

F 5

S P d

0
C1

2
(k11 cos2 h 1 k33 sin2 h)Adh

dzB2Ddz 3 P h

h0 C (k11 sin2 h 1 k33 cos2 h)
3 (n2

e cos2 h 1 n2
o sin2 h)1/2

(n2
e cos2 h 1 n2

o sin2 h)1/2

Õ (n2
e cos2 hm 1 n2

o sin2 hm )1/2D1/2

dh for OH.

1 S (A2 sin2 h0 1 A4 sin4 h0 )

(3)Õ
1
2

DxH2S P d

0
sin2 h dz for MP,

The � eld can be expressed in terms of h0 , hm :

S P d

0
C1

2
(k11 cos2 h 1 k33 sin2 h)Adh

dzB2Ddz
T 5

1 S (A2 sin2 h0 1 A4 sin4 h0 )
H 5

2
d(Dx)1/2 P hm

h0
Ak11 cos2 h 1 k33 sin2 h

sin2 hm Õ sin2 h B1/2
dh for MP,

Õ
1
2

e0DeV 2
S

P d

0

dz
(e) cos2 h 1 e

d
sin2 h)

for EP,

V 5
2

(e0De)1/2
(e) cos2 hm 1 De sin2 hm )1/2

S P d

0
C1

2
(k11 sin2 h 1 k33 cos2 h)Adh

dzB2Ddz 3 P hm

h0
C k11 cos2 h 1 k33 sin2 h

(e) cos2 h 1 e
d

sin2 h)(sin2 hm Õ sin2 h)D1/2
dh

1 S (A2 sin2 h0 1 A4 sin4 h0 ) for EP,

Õ
1
2

DxH2S P d

0
sin2 h dz for MH,

H 5
2

d(Dx)1/2 P hm

h0
Ak11 sin2 h 1 k33 cos2 h

sin2 hm Õ sin2 h B1/2
dh for MH,

S P d

0
C1

2
(k11 sin2 h 1 k33 cos2 h)Adh

dzB2Ddz
I 5

2c
noned

2
(n2

e cos2 hm 1 n2
o sin2 hm )1/2

1 S(A2 sin2 h0 1 A4 sin4 h0 )

Õ
noneI

c
S P d

0

dz
(n2

e cos2 h 1 n2
o sin2 h)1/2

for OH. 3 GP hm

h0 C (k11 sin2 h 1 k33 cos2 h)
3 (n2

e cos2 h 1 n2
o sin2 h)1/2

(n2
e cos2 h 1 n2

o sin2 h)1/2

Õ (n2
e cos2 hm 1 n2

o sin2 hm )1/2D1/2

dhH2

(2 )

The non-trivial solutions to the Euler–Lagrange for OH. (4)
equation are found to be:

Boundary conditions:
z(h) 5

P hm

h0
Ak11 cos2 h 1 k33 sin2 h

sin2 hm Õ sin2 h B1/2
dh1

H(Dx)1/2 P h

h0
Ak11 cos2 h 1 k33 sin2 h

sin2 hm Õ sin2 h B1/2
dh for MP,

5
d

2

sin h0 cos h0
[(k11 cos2 h0 1 k33 sin2 h0 ) (sin2 hm Õ sin2 h0 )]1/2(e) cos2 hm 1 e

d
sin2 hm )1/2

V (e0 De)1/2 P d

0

dz
(e) cos2 h 1 e

d
sin2 h) 3 (A2 1 2A4 sin2 h0 ) for MP,

3 P h

h0
C(k11 cos2 h 1 k33 sin2 h)(e) 1 De sin2 h)

sin2 hm Õ sin2 h D1/2
dh P hm

h0
C(k11 cos2 h 1 k33 sin2 h) (e) cos2 h 1 e

d
sin2 h)

sin2 hm Õ sin2 h D1/2
dh

for EP,
5

d

2C (e) cos2 h0 1 e
d

sin2 h0 )

(k11 cos2 h0 1 k33 sin2 h0 )(sin2 hm Õ sin2 h0 )D1/2

1
H(Dx)1/2 P h

h0
Ak11 sin2 h 1 k33 cos2 h

sin2 hm Õ sin2 h B1/2
dh for MH,

3 sin h0 cos h0 (A2 1 2A4 sin2 h0 ) for EP,
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1231st order Fréedericksz transition criteria

Table 1. Criteria for the � rst order Fréedericksz transition. The de� nitions of the special functions fM1 , fM2 , fE1 , fE2 , fO1 , fO2 are
listed in the appendix.

Cell type Threshold criteria Saturation criteria

MP k33
k11

< Õ
A4
A2

fM1 (A2d/2k11 )
k11
k33

< Õ
A4

A2 1 2A4
fM2[(A2 1 2A4 )d/2k33]

e
d

e)

< A1 Õ
k33
k11
B Õ

k33
k11

fE1 (A2d/2k11 )
e)

e
d

>1 1
k11
k33

fE3[(A2 1 2A4 )d/2k33]
EP

1
A4

A2 1 2A4
fE4[(A2 1 2A4 )d/2k33]Õ

A4
A2

fE2 (A2 d/2k11 )

MH k11
k33

< Õ
A4
A2

fM1 (A2d/2k33 )
k33
k11

< Õ
A4

A2 1 2A4
fM2[(A2 1 2A4 )d/2k11]

n2
o

n2
e

< A1 Õ
4k11
9k33

B 1
4k11
9k33

fO1 (A2d/2k33 )
n2

e
n2

o
> A1 1

4

3

k33
k11
B Õ

4

3

k33
k11

fO3 [(A2 1 2A4 )d/2k11]
OH

Õ
64
3

A4
A2

fO2 (A2d/2k33 ) 1
32A4

3(A2 1 2A4 )
fO4 [(A2 1 2A4 )d/2k11]

� rst order transition cannot occur. This explains whyP hm

h0
Ak11 sin2 h 1 k33 cos2 h

sin2 hm Õ sin2 h B1/2
dh

� rst order transitions in the electrical and magnetic cases

are so di� cult to observe. The situation is improved

when a bias � eld is applied in addition to the driving
5

d
2

sin h0 cos h0
[(k11 sin2 h0 1 k33 cos2 h0 )(sin2 hm Õ sin2 h0 )]1/2 � eld, and observations of � rst order transitions have been

reported [3]. The criteria for the optically � rst order
3 (A2 1 2A4 sin2 h0 ) for MH,

transition are not so critical, but all of the observations

reported so far are made in the presence of bias � eldsP hm

h0
C (k11 sin2 h 1 k33 cos2 h)(n2

e cos2 h 1 n2
o sin2 h)1/2

(n2
e cos2 h 1 n2

o sin2 h)1/2 Õ (n2
e cos2 hm 1 n2

o sin2 hm )1/2D1/2

[4]. If we consider a three-dimensional Fréedericksz

transition, say in a twist liquid crystal cell, the � rst order

transition can be easily realized when the twist angle
5

d

2C (n2
e cos2 h0 1 n2

o sin2 h0 )1/2

(n2
e cos2 h0 1 n2

o sin2 h0 )1/2 Õ (n2
e cos2 hm 1 n2

o sin2 hm )1/2D1/2

W > 270 ß , even for strong anchoring condition [5].

Bistable devices have been developed for W 5 360 ß [6].

3
sin h0 cos h0 (A2 1 2A4 sin2 h0 )

(k11 sin2 h0 1 k33 cos2 h0 )1/2
for OH. (5 )

The criteria for the � rst order Fréedericksz transition
Referencesto occur can be obtained by:

[1] Yang, G. C., Shi, J. R., and Liang, Y., 2000, L iq. Cryst.,
27, 875.A dT

dhm
B

hm=0
< 0, A dT

dhm
B

hm=p/2
< 0. (6 ) [2] Shi, J. R., and Yue, H., 2000, Phys. Rev. E, 62, 689.

[3] Frisken, B. J., and Palffy-Mohoray, P., 1989, Phys.
Rev. A, 39, 1513; Frisken, B. J., and Palffy-Muhoray, P.,The � rst part of equation (6) is for the threshold and
1989, Phys. Rev. A, 40, 6099; Wu, J. J., Ong, G. S., andthe second part for saturation.
Chen, S. H., 1988, Appl. Phys. L ett., 53, 1999; Wu, J. J.,

All of these criteria are listed in table 1.
Ong, G. S., and Chen, S. H., 1989, Jpn. J. appl. Phys.,
28, 429.

[4] Karn, A. J., Arakelian, S. M., Shen, Y. R., and
Ong, H. L., 1986, Phys. Rev. L ett., 57, 448; Santamato, E.,3. Remarks on the criteria
Abbate, G., Calaselice, R., Maddalena, P., andA4 < 0 is required for the magnetic and the electrical
Sasso, A., 1988, Phys. Rev. A, 37, 1375.

� rst order Fréedericksz transition. It is a critical condition,
[5] Scheffer, T. J., and Nehring, J., 1984, Appl. Phys. L ett.,

but we have no mature technology to give a minus A4 45, 1021.
surface anchoring condition. A rigid anchoring condition [6] Heffner, W. R., and Berreman, D. W., 1982, J. appl.

Phys., 53, 8599.is the most common case, where A2
� 2 , A4 5 0, and the
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124 J. Shi

Appendix

Figure 2. Special functions used in the criteria; all of them are positive. (a) and (b) are used in the magnetically driven cell; (c) and
(d) are used in the electrically driven cell; (e) and ( f ) are used in the optically driven cell.
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1251st order Fréedericksz transition criteria

Table 2. De� nitions of special functions used in the criteria; see also � gure 2. b×[0, p/2], B×[0, 2 ].

x y y 5 f (x)

b tan b y 5 fM1 (x)16 sin 2b cos2 b

4b Õ sin 4b

B tanh B y 5 fM2 (x)16 sinh 2B cosh2 B

sinh 4B Õ 4B

b tan b y 5 fE1 (x)2 sin2 2b Õ 2b sin 4b

b sin 4b 1 4b2 Õ 2 sin2 2b

b tan b y 5 fE2 (x)16b sin 2b cos2 b

b sin 4b 1 4b2 Õ 2 sin2 2b

B tanh B y 5 fE3 (x)B sinh 4B Õ 4B2

B sinh 4B 1 4B2 Õ 2 sinh2 2B

B tanh B y 5 fE4 (x)16 B sinh 2B cosh2 B
B sinh 4B 1 4B2 Õ 2 sinh2 2B

b tan b y 5 fO1 (x)4 sin 4b 1 8 sin 2b

sin 4b 1 8 sin 2b 1 12b

b tan b y 5 fO2 (x)sin 2b cos2 b

sin 4b 1 8 sin 2b 1 12b

B tanh B y 5 fO3 (x)4B sech4 B 1 4 tanh B sech2 B
3B sech4 B 1 3 tanh B sech2 B 1 2 tanh B

B tanh B y 5 fO4 (x)tanh B
3B sech4 B 1 3 tanh B sech2 B 1 2 tanh B
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